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In this note the following two theorems will be proved. Let (G, 52) be a 
doubly transitive group acting on a set Sz of 1 + p + p2 points where p is a 
prime number. 
THEOREM 1. If the order of G is divisible by p4, then (G, Q) contains the 
alternating group on B. 
There exist doubly transitive groups of degree 1 + p + pz whose orders 
are divisible by p3 and which are neither alternating nor symmetric, for 
instance, the two dimensional projective special linear group LF,@) over any 
finite prime field of p elements. Hence the above theorem shows that p3 
is the highest power of p such that it can divide the order of a doubly tran- 
sitive group of degree 1 + p + p2 which is neither alternating nor symme- 
tric. This raises the following question. 
Is p[n(+-l)llz, n > 4, the highest power of p such that it divides the order 
of a doubly transitive group of degree (pm - l)/(p - 1) which is neither 
alternating nor symmetric ? 
We are interested in the classification of groups of this type, and as a part 
of this program we have the following theorem. 
THEOREM 2. If the order of G is divisible by p3 exactly, then either 
(i) p = 2 and G is the alternating group A, of degree 7, or 
(ii) Q is identified with the Desarquesian plane over the prime Jield of p 
elements and G is isomorphic to a collineation group of the plane which contains 
the projective special linear group LF,(p). 
We use the following notation. The points of Sz are denoted by 0, 1,2,... 
or (Y, 8, y ,... . For a set n, 1 r 1 = the number of elements in VT. For 
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a permutation group (H, r), for a subset /.I of rr, and for a subgroup 
KofH, 
HA ={xEH/aZ=aforanyaEII} (the stabilizer of/l), 
Hen> = {x E H 1 A” = A}, 
Hw HA=-, 
A 
F(K)={ol~nja~=olforanyx~Kl, 
f(K) = I F(K) I , 
N(K) = the normalizer of K in H. 
When a permutation group (H, n) is either alternating or symmetric, (H, mj 
is called a group of AS type, or simply an AS group. 
First we will prove two lemmas. Let 0, 1 be two points of Sz, let Q be a 
Sylow p-subgroup of Gf,,,) , let N be the normalizer of Q in G and let 
Q be a Sylow p-subgroup of N which is contained in G{s) . Q is a Sylow p- 
subgroup of G and [Q : Q] = p. As Sz has 1 + p + p2 points,f(Q) = 1 + rp 
where Y is a positive integer. By Witt ([5], Theorem 9.4), N is doubly tran- 
sitive on d = F(Q). We set r = G - d. (This notation will be kept through- 
out this paper). 
LEMMA 1. Let the order of G be divisible by p2. Then Y = 1. 
Proof. Assume that r > 1. Then 1 r 1 < ps, the length of any orbit of 
(Qr, r) is p and the number of orbits of (Qr, r) is less than p. Hence any 
two p-elements of Nr commutes and hence Nr contains a normal Abelian 
Sylow p-subgroup. On the other hand, since (Nd, d) is doubly transitive by 
Witt ([5], Theorem 9.4) and I d I = l(p), N has no normal Sylowp-subgroup. 
Hence N is not faithful on r. Therefore Nr contains an element x such that 
0” # 0 because Nr is transitive on d by Jordan ([5j, Theorem 9.9). Next 
instead of Q we consider a subgroup P = QrtiI of Q for a point OL E r. Since 
r > 1, the index of P in Q is p and P is a Sylowp-subgroup of G{o,a, and hence 
f(P) = f (Q) = 1 + rp. Hence by the same argument as above, we obtain 
an element y in N(P), such that OY # 0. Since g is generated by Q and P 
we have F(Q) n F(P) = (01, and hence xy.+y-l is a 3-cycle. Hence (G, &)) 
must contain the alternating group on 52. On the other hand, an AS group of 
degree 1 + p + p2 does not satisfy the condition Y > 1. Thus we have a 
contradiction. 
A similar argument has been previously used by Appel and Parker [I] 
in proving the following proposition. 
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PROPOSITION 1. Let (H,r) b e a doubly transitive group of degree 1 + tp, 
where t is less than p, and whose order is divisible by p2. Then (H, W) is an AS 
group. 
Also the same approach yields 
PROPOSITION 2. Let (H,r) b e a doubly transitive group of degree 1 + p2 
whose order is divisible by p3. Then (H, 7r) is an AS group. 
LEMMA 2. Let the order of G be divisible by p3. 
(i) If N is not faithful on r, then (G, l2) is an AS group. 
(ii) If N is faithful on r, then (Q, r) is transitive. 
Proof, (i) Let N be not faithful on r. Then, since N is doubly transitive 
ond,Nristransitiveond;thus,sinceId(=p+1<tI~l,(G,JZ)is 
an AS group, by Marggraf ([5], Theorem 13.5). 
(ii) Let N be faithful on r. Accordingly (G, !C2) is not an AS group. 
Assume that (Q, r) is intransitive. Then any two p-elements of Nr commute; 
and then, since (Nd, d) is a doubly transitive group of degree 1 + p, N is 
not faithful on I’. This is a contradiction. Hence (&, r) is transitive. Now we 
assume that (Q, r) is intransitive. Let P be a subgroup of Q which is con- 
jugate to R = Qcl fi G, QL E I’. Then we have R = $&) because Q > Qtu) > R 
and [Q : Qre,] = [Q : R] = p2. S ince P is conjugate to R in G, P = (&, 
for some /I E I’. Hence P is conjugate to R in GIol because of the transitivity 
of (0, r). Hence N(R) is transitive on F(R), by Witt ([5$ Theorem 9.4). 
Since ( R ( > p and & is transitive on I’, we have that f(R) = 1 + 2p. 
Therefore (N(R), F(R)) is a primitive group; and it contains an element of 
order p and degree p since Q < N(R). Hence it is an AS group, by Jordan 
([s], Theorem 13.9). Since ( Sz -F(R) / <p2, any two p-elements of 
N(R)R-P’R’ commute, and hence N(R) is not faithful on Sz - F(R), Therefore 
W%-F(R) 7 F(R)) is an AS group. Hence (G, fi) is an AS group which is a 
contradiction. 
Proof of Theorem I. If p = 2, (G, 52) is the symmetric group because G 
contains a Sylow 2-subgroup of the symmetric group on Q, particularly, an 
element of degree 2. From now on we assume that p > 2 and (G, Sz) is not an 
AS group. Then, by Lemmas 1 and 2, we have that r = 1, N is faithful on r 
and (Q, r) is transitive. Let P be a subgroup of Q which is conjugate to 
R = Qial in G, (Y E r. Since F(P) C A, P C Qlsl for a point p of r, and then 
we have P = QCsl because of ( P I = ] Qcn ] . Hence P is conjugate to R 
in GI,,,) by the transitivity of (Q, r). Hence NO(R) is doubly transitive on 
F(R), by Witt ([A, Th eorem 9.4). Since 1 R I >, p and Q is transitive on I’, we 
have f(R) = 1 + 2p. Since ( 51 -F(R) ( < p2, N,(R)R-F(R) has a normal 
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Sylow p-subgroup. On the ohter hand, since Nc(R) is doubly transitive on 
F(R), No(R) has no normal Sylow p-subgroup. Hence Nc(R) is not 
faithful on fi - F(R) and hence GnpFcR) is transitive on F(R). If 
p > 3, then (G, G) is an AS group, by Marggraf ([.5], Theorem 13.5) because 
f(R) < 4 (1 + p + p2). This is a contradiction. If p = 3, then (G, Sz) con- 
tains a cycle of degree 7 and then (G, a) is an AS group, by Jordan ([Yj, 
Theorem 13.9, but this is also impossible. Thus we have completed the 
proof of Theorem 1. 
Proof of Theorem 2. If p = 2, then (G, Q) is isomorphic to either A, or 
U,(2) (see [2], Section 166). Hence we assume that p > 2. (G, G) is not an 
AS group because the orders of AS groups of degree 1 + p + p2 are divisible 
byp4. Thus, by Lemmas 1 and 2, we have that I = 1, N is faithful on r and Q 
is transitive on I’. Let P be any Sylow p-subgroup of G{,,,l . Then we claim 
that F,(P) = A. For assume that this is not true; then, there exists a Sylow 
p-subgroup P of G{,,rl such that F,(P) + A; choose P among them such that 
I&(p)nA I =t(>2) is maximal and let H be the subgroup of G which is 
generated by P and Q. Then Fe(H) = Fn(P) n A, and (29, !Z? - Fn(H)) is a 
primitive group because of the transitivity of (Q, r). Then, by Jordan ([5], 
Theorem 13.1), H is doubly transitive on a -F,(H) and so is GF,cH) . 
If t <p, then there exists a Sylow p-subgroup P’ of G{,,,l such that 
FQ(P’) # A and ] FQ(P’) n A 1 > F,(P) n d 1. This is a contradiction. Hence 
we have t = p. Then, by Jordan ([.5], Theorem 13.2), (G, Q) is (p + I)-fold 
. . 
transitive, and hence GCd-(sJ) is transitive on r u {0}, and it is also faithful 
on r u (0) by Manning ([5], Theorem 15.1). Since (GC,+,)))~ol contains Q, 
GC,+,l, is doubly transitive on r u (0) and hence G+,+), is of AS 
type on r u (0) by Proposition 2, and hence (G, 0) is an AS group. This is 
a contradiction. Thus we have that Fn(P) = A for any p-Sylow P of G1,,q . 
Now we can constract a projective plane n which has G as a collineation 
group in the following way: 
(a) The points of n are the points of G. 
(b) The lines of rr are subsets of Sz each of which consists of fixed points 
of a Sylow p-subgroup of Gt,,B1 for some a, p E Sz. 
(c) A point 01 and line 1 are incident if and only if 01 E 1 as subsets of a. 
Then ~7 contains p2 + p + 1 points; each line contains p + 1 points; 
and two distinct points are contained in one and only one line by the previous 
paragraph. Hence ?T contains 
therefore, r is a projective plane (for instance, by ([3], Theorem 20.8.12). 
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Since G is a collineation group of rr and doubly transitive on the points of r, 
m is the Desarguesian plane over the field of p elements and G is a collineation 
group which contains M,(p) by Ostrom and Wagner [4]. Thus we have 
completed the proof of Theorem 2. 
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